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Abstract 

We introduce an elementary method to give unified proofs of the Dyson, Morris, 
and Aomoto identities for constant terms of Laurent polynomials. These identities can 
be expressed as equalities of polynomials and thus can be proved by verifying them for 
sufficiently many values, usually at negative integers where they vanish. Our method also 
proves some special cases of the Forrester conjecture. 
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1 Introduction 

In 1962, Freeman Dyson [6] conjectured the following identity: 
Theorem 1.1. For nonnegative integers clq, cl\, . . . , a n , 

ct TT fi-^T J = (fl0 + " 1 |-" + , a " )! , (i.i) 

* o<^<nV x jJ a \ ai \---a n } 
where CT X denotes the constant term. 

Dyson's conjecture was proved independently before his paper was published by Gun- 
son [10] and by Wilson [20] , and an elegant recursive proof was later found by Good [9] . 

Similar identities for constant terms of Laurent polynomials expressed as products are of 
considerable interest, and we shall discuss several of them in this paper. 

First is an identity of Morris |17j . For a, b, k G N (the nonnegative integers) define 

ff( x„,x,...,,„; ,M ): =n(i-|ij(i-^ n («) 

1=1 V U/ V 1 7 \<i+j<n V 3 7 
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Morris proved the following result: 



Theorem 1.2. 

CTH(x ,x 1 , . . .,x n ;a,b,k) = M n (a,b,k), (1.3) 

X 

where 

M « (a ' 6 ' fc) := n ( a+ M)!(6 + M )!fc! • (L4) 

Since H(xq, . . . , x n ; a, b, k) is homogeneous of degree in the Xi, setting xq = 1 in (|1.3|) 
gives an equivalent result, which is the form stated by Morris |17j . 

A generalization of the Morris identity was given by Aomoto [2] , who extended Selberg's 
integral to obtain a formula equivalent to the following constant term identity [12] : Let 

n n ( xi\ x(i< m ) 
1 H(x ,xi, . . . ,x n ;a,b, k), 

i=i V X ° J 

where x{S) equals 1 if the statement S is true and otherwise. 
Theorem 1.3. 

CT A m(xa , „, . . . , „ ; „, », k) = 'if '°, + ; ±J±±g a 5 - 121 . (L5) 

Another generalization was conjectured by Forrester [7]: 
Conjecture 1.4. We have 



CT ( 1- — J H(x ,x 1 ,...,x n ;a,b, k) 

X A I 1 A-LA V X j J 



ij=n +l,i^j 



m ( h M U T1 ^ + IK^ + + Q + ^ + fc"o)! (fcj + k + j + fcra o) ! nn 
" ota " ] y fc!((fc + l)j + a + ifeno)!((fc + l)j+6 + A ; no)! ' { ' 



where n = uq + n\. 



In [7], Forrester proved the special case a = b = (for all k, uq, and n\) using a formula 
due to Bressoud and Goulden [3], and the case & = 1 (for all a, 6, no, and ni). Kaneko 
[131 proved the special cases n\ = 2, 3 and n\ = n — 1. Moreover, Forrester and Baker [3] 
formulated a (/-analog of Conjecture 11.41 which was recently studied by Kaneko |14j . 

Our objective in this paper is to introduce an elementary method which leads to new 
proofs of the Dyson, Morris, and Aomoto identities. Moreover, our method can be used to 
obtain some partial results on Forrester's conjecture. 

The idea behind the proofs is the well-known fact that to prove the equality of two 
polynomials of degree at most d, it is sufficient to prove that they are equal at d + 1 points. 
This approach was used by Dyson [6] to prove the case n = 3 of (jl.ip . Dyson used Dougall's 
method [5], in which most of the points are obtained by induction, making heavy use of 
the symmetry of (ll.ip . This approach does not seem to generalize beyond n = 4. In our 
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approach we use the fact that, as a polynomial in ao, the right side of (jl.ip vanishes for 
ao = —1, —2, . . . , — (ai + • • • + a n ), and we show that the same is true of the left side. 

The same idea was used by Gessel and Xin [8] in proving a (/-analog of Theorem 11.11 
which was conjectured by George Andrews [1] in 1975, and first proved by Zeilberger and 
Bressoud [22] in 1985. 

In all of the proofs, it is routine to show that after fixing all but one parameter, the 
constant term is a polynomial of degree at most d in the remaining parameter, say a, and 
that the left side agrees with the right side when a = 0. The proofs then differ in showing 
that both sides vanish at d additional points. In fll.3|> . (11. 5p and (|1.6I) . these polynomials 
may have multiple roots. We use the polynomial approach to prove the cases in which the 
roots are distinct, and use another argument, based on the form of the constant term as a 
function of all the parameters (Proposition 12. 4| ). to extend the result to the general case. 



2 Polynomials, vanishing coefficients, and a rationality result 

In this section we prove several lemmas that will be needed in the proofs of the constant 
term identities. First, we show in Lemma 12. II that the constant terms in these identities can 
be expressed as polyomials. Next, Lemma 12.21 is useful in showing that these polynomials 
vanish at certain negative integers. Lemma 12.31 which applies Lemma 12.21 to coefficients of 
the Dyson product, gives Dyson's conjecture and is also needed in the proof of Proposition 
12.41 which allows us to deal with polynomials with multiple roots. 



2.1 A polynomial characterization 

Fundamental to our approach is the following lemma, which shows that the constant terms 
we study are polynomials. 

Lemma 2.1. Let ao, . . . , a n be nonnegative integers, d := a± + ■ ■ ■ + a n , and let L(x\, . . . , x n ) 
be a Laurent polynomial independent of oq. Then for fixed a±, . . . , a n , the constant term 

Q(a ,a 1 ,...,a n ):=CTx k L(x 1 ,...,x n )]l^l-^-) (l - ^ j (2.1) 

is a polynomial in ao of degree at most d + ko for any integer ko > —d. 

Proof. We can rewrite Q(clq, a±, . . . , a n ) in the following form 

Q(a , ai ,...,a n ) = (-l)E, « CT lJ ai ...,*„). 

x o lll=l x l 

Expanding each (x - x ; ) ao+ai as Ei^oC -1 )^ {^^x^^x? , we get 
Q(a ,ai, ...,a n ) 

= CT V (-l)E. h + ai )-.. ( ao + Qn ) Xo fc °+J><-*<) TT x \^L{ Xl , ...,x n ) 

X ii,...,i n \ l l J V *n J [=1 

E (-l) k °( a0 + ai )---( a ° + an )- CT nxr-L(x l5 ...,x n ), (2.2) 

*— ' \ l-t / \ l n / xi,...,a!n - L " L 
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where the sum ranges over all nonnegative integers i\, . . . , i n such that ■ -+i n = d+kQ. To 
show that the degree of Q(ao, ai, . . . ,a n ) in ao is at most d + ko, it suffices to show that every 
term has degree in ao at most d+kQ. This follows from the fact that Y\d=i x\ l ~ ai L(x±, . . . , x n ) 
is a Laurent polynomial independent of ao, and the fact that the degree of ( a °^ ai ) ■ ■ ■ ( a °+ a?1 ) 
in ao is d + feoj since ( ao+ai \ is a polynomial in ao of degree i\. □ 

Some corollaries of Lemma |2. II are given in the Appendix (Section [6]). 

Since Q(ao, a±, . . . , a n ) as defined in (|2.ip is a polynomial in ao, we can extend it to all 
integers ao, not just nonnegative integers. It is useful to extend the meaning of the right side 
of (|2.1|) so that (|2.ip holds for negative integers ao- Since (1 — xi/xo) a ° for / > 1 is not a 
Laurent polynomial unless ao is a nonnegative integer, we must expand it as a Laurent series, 
but since 



we might conceivably expand this expression either in powers of xi/xq or of xo/x[. To make 
the expansion well-defined, we need to specify the ring in which we work. We recall that for 
a ring R, the ring R((x±, X2, ■ ■ ■ , x n )) of formal Laurent series in x\, . . . , x n with coefficients 
in R is the set of all formal series in these variables in which only finitely many negative 
powers of Xj appear for each j. Then it is sufficient to work in the ring <C((xo))((xi, • • • , x n )) 
of formal Laurent series in x\, . . . ,x n with coefficients in C((xo)). Informally, we may think 
of xq as larger than all the other variables, so that xi/xq is small for I > 1. Thus we have in 
this ring the expansion 



(-o - xit° = x a ° (i-^-j = x; [ a .)x a °- i (-^y 

for all integers ao; the alternative expansion 

i=0 ^ % ' 

is not valid in this ring unless oq is a nonnegative integer. 
2.2 Vanishing coefficients 

Our goal is to evaluate special cases of the polynomial Q(ao, a%, . . . , a n ) given by Lemma [2TT1 
by finding some of their zeroes. The following lemma helps us to accomplish this. 

Lemma 2.2. Let uij for l<i<j<nbe nonnegative integers and let mi and vi for 
1 < I < n be integers. If the coefficient of x^x™ 2 ■ ■ ■ x™ n in 

\]l<i<j<n(. X i ~ Xj) Ul - 

nr=i(i-^< { ' 

is nonzero then for some subset T of [n] := {1,2,..., n} we have 



J2 Uij <J2vi-\T\ (2.4) 
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and 



^ Uij > ^ Uij + '^2(m i +v i ), (2.5) 

i<i<j<n «j'eT 

where T = [n]\T. 

Proof. Applying the formula 

( Xi - Xj r- = ((i - Xj ) - (i - Xl )) u » = (-i)^'(^) (i-^a-^ 

and expanding, we can write (|2.3[) as a linear combination of terms of the form 

n n 

l[(i- Xl )-^ j] (i-x i )^(i-x i )^ = jj(i-x,)- w « n (i-^r-. 

i=l l<i<j<n Z=l l<i^j<n 

Now let a, := S?=i where c^, = 0. Then we may write this product as 

n 

JJ(l_ Si )«i-*i. (2.6) 

i=l 

If the coefficient of rr™ 1 • • • £™ n in (12.6f) is nonzero, then for each i, either on — Vi < or 
mi < cti — Vi. So if the coefficient of x™ 1 ■ ■ ■ x™ n in (12.3j) is nonzero, there exist nonnegative 
integers atij with «jj + ayj = Ujj for i 7^ j and = and a subset T of [n] such that 

< «i — 1, for i E T, (2-7) 
a, > mj + «i, for i ET, (2-8) 

where «j = X^j=i a «i an d ^ = M \ ^- 
Then 

^2 on = a v ^ a v = Yl ( a « + = ( 2 - 9 ) 

Similarly, 

ol\ H ha n = ^ (2.10) 

l<i<j<n 

Summing (|2.7p for z € T gives 

iGT iGT 



so by flES 



which is ([2"U). 



ij'GT iGT 
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Summing f|2.8j) for i G T gives 



ieT ieT 



Thus by (I2TTUD and we have 



l<Kj<n ieT i( zf i,jeT i£ T 

and this is (1231). □ 



Next, we apply Lemma f2.2l to prove the vanishing of some coefficients related to the Dyson 
product. 

Lemma 2.3. Let ai, . . . ,a n be nonnegative integers and let d := a±+- ■ -+a n . Let ko, k±, . . . , k n 
be integers and let k be the sum of the positive integers among k±, . . . ,k n . For a subset T C [n] 
we define cr(T) := YlieT a i> an( ^ we se ^ 

J := |J {a(T) + 1, a{T) + 2,..., a{T) + k}, 

Tc[n] 

where the union is over proper subsets T of [n] . Then for every ao with —ao G [d] \ J, we 
have 
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0<i^j<n ^ 3' 

Proof. First we note that this coefficient is well defined for any negative integer ao, as ex- 
plained at the end of Section I2TT1 Next, since the product in (|2.1ip is homogeneous of degree 
in Xo,x\, . . . ,x n , the constant term does not change if we set xq equal to 1, as long as 
ko + • ■ ■ + k n = 0. (Otherwise the constant term is 0.) Setting ao = —h and simplifying, we 
need to show that 



X 



TT ( 1" ■ f -\ a i+ a 

iil<i<j<n\ x i x j) 
^na^kl . . . x na n -k n f^~Jl - Xj )/i-a, 



CT ' - 3 - h = 0, for h G [d] \ J. (2.12) 



We prove the contrapositive: Suppose that h G [d] but the left side of (12. 12ft is not 0. We 
shall show that h G J; i.e., o~(T) < h < cr(T) + k for some T C [n]. 

We apply Lemma I2.2I with Uij = + a,- , mi = nai — ki , and Vi = h — ai. Then for some 
subset T C [n] we have 

^2 + aj) < ^(h - ai ) - \T\ (2.13) 

i,jeT ieT 

and 1 3 

{ai + aj)>^{ai + aj)+^{{n-l)ai + h-ki). (2.14) 

l<i<j<n ij£T ieT 

Kj 



Let t = \T\. Then (|2.13p may be written as 

(t — 1) di < th — t — ^2 a ii 

and this implies that for T ^ 0, 

^fl;</l. (2.15) 

i&T 

But (|2?IgD also holds for T = 0, since /i > 1. We note that by (f2T5j) . [n] , since /i < d. 
Similarly, f)2. 14j) gives 

n 

(n - 1) Of > (t - 1) ^2 ^ + ^(n - l)a t + {n-t)h-^ t t . 

Taking all the terms in the a, to the left side gives 

(n — t) a i > ( n ~ t)h ~ fet 

so since [n] , 

/i<^ai + /c. (2.16) 

Thus by (|2T5|) and (l2~TBT) . 

Oi < /?, < qj + fc, 

which completes the proof. □ 

Dyson's conjecture is an easy consequence of Lemma 12.31 

Proof of Theorem W.W Fix ai, . . . ,a n EN. Denote by Dl{clq) and Dn(ao) the left and right 
sides of (|1.1[) . It is routine to check that 

1. Both Dl(oq) and Dr(oo) are polynomials in ao of degree at most d (by Lemma [2TJ; 

2. D L (0) = D R (0) (by induction on n); 

3. Dr(clo) vanishes when ao = — 1, —2, . . . , —d. 

Now apply Lemma 12.31 with ko = ki = ■ ■ ■ = k n = 0, so k = and J = 0. Then Dl(clo) 
also vanishes when ao = —1, —2, . . . , — d. The theorem then follows since two polynomials of 
degree at most d are equal if they agree at d + 1 distinct points. □ 
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2.3 A rationality result 

We denote by D n (x; ao, ax, . . . , a n ) the Dyson product 

n 

Good [5] used Lagrange interpolation to derive the following recursion in his proof of the 
Dyson conjecture: for ao, ax, ■ ■ ■ , a n > 1, we have 

n 

D n (x;a ,ax, ■■■,a n a ,...,ai-x,ai - 1, a i+1 , ■ ■ ■ , a n ). (2.17) 

i=0 

Using this recursion, Sills and Zeilberger [19], Sills [18], and Lv et. al [16] found explicit 
formulas for some of the other coefficients of the Dyson product. Their results suggest 
the following proposition, which we will need in our approach to the Morris, Aomoto, and 
Forrester constant terms. 



Proposition 2.4. For any Laurent polynomial L(xq, . . . ,x n ) independent of the a 



l! 



CTL(x , . . . ,x n )D n (x;a , ...,a n ) = R(a , . . .,a n ) a ° + a ' 1+ + a n)- (2.18) 

x a$ \ a\ \ ■ ■ ■ a n \ 

for some rational function R(ao, . . . , a n ) of ao, • • • , a n . 

Proof. We proceed by induction on n. The n = case is trivial. Assume the proposition 
holds for n — 1, i.e., 

d! 

CTL(xx, ■ ■ ■ ,x n )D n -x(xx, ■ ■ ■ ,x n ;ax, . . . ,a n ) = R(ax, . . . ,a ~ 



ai! • • -a n \ 



where d := a\ + ■ ■ ■ + a n , for any Laurent polynomial L(xx, ■ ■ ■ ,x n ) independent of Oj. By 
linearity, it is sufficient to show that (|2.18|) holds when L(xq, xx, • • • , x n ) is a monomial. Define 

/ = f(a ,ax, ■ ■ ■ ,a n ) := CTx^x* 1 ■ ■■x^ l D n (xQ, . . . ,x n ;a ,ax, ■ ■ -,a n ). 
We construct a rational function R(ao, ax, ■ ■ ■ , a n ) so that 

t( \ t?{ ,(a + aiH \-a n )\ 

f(a ,...,a n ) = R(a ,ax,...,a n ) : — ; : (2.19) 

a ! a x ! • • • a n ! 

holds for all nonnegative integers ao, ax, ■ ■ ■ , a n . 

First we show that for each nonnegative integer ao, there is a rational function R ao (ax , ■ ■ ■ , a r , 
of ax, ■ ■ ■ , a n such that 

d! 

f(a , ...,a n ) = R ao (ax, ■ ■ -,a n ) — j — : r. (2.20) 

axl ■ ■ ■ a n \ 

By (j2.2|) . with %i = ao + ai — ji for I = 1, . . . , n we have 

%l D n — \(x\, . . . , x n , ax, ■ ■ ■ , a n ), 



/= y ( _ 1) ^N + a 1 y.7 a o + a ™y CT IT 

, \ jl J V 3n J 
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where the sum ranges over all nonnegative integers j± , . . . , j n such that (ao + ai — ji ) + • • • + 
(a + a n - j n ) = d + k , i.e., j\ H h j n = na - k - 

Therefore, by the induction hypothesis on n, 

f ( 1 \k f a ° + a A ( a + a n \ . d\ 
f= 2^ ( ^ )•••( ■ ]R{ji,...,3n;ai,...,a n )—j— -, 



JiH hj, I =na -A;o 



Ji / V 7 ai!---a 



1 1 ■ 



where for each ji, ■ ■ ■ ,j n , R{ji, ■ ■ ■ ,jn'i Q l> • • • > a n) is a rational function of 01, . . . ,a n (which 
also depends on ao and fei, . . . , k n ). Then (|2.20p holds with 

R ao (ax,...,a n ) = (-l) fc °( a ° + <l1 ) ••• ( a ° + a jR(ji,---,j n ;a 1 ,...,a n ). 

.... , \ Jl / \ Jn J 

JlH hj,i=nao-fco 

Now let 0i = Pi(a±, . . . , a n ), . . . , (3 r = pV(ai, . . . , a n ), where r = (2™ — l)k, be the linear 
functions of a±, . . . ,a n of the form cr(T) + j, for T C [n] and 1 < j < k, where k and a are 
as in Lemma 12.31 By Lemma 12.11 /(ao, a±, . . . , a n ), for fixed a\, . . . , a n , is a polynomial in ao 
of degree at most d + ko. Moreover, by Lemma [273]. / = for — ao € [d] \ {f3\, . . . , (3 r }. Thus 
there is a polynomial p(ao) of degree at most r + ko (depending onoi,..., a n ) such that 

,/ v (ao + l)(ao + 2)---(a + d) 

/(ao,ai,... ,a n ) = -. — — — — — —r p{a ), (2.21) 

(a + /?i)(a + (h) ■ ■ ■ (ao + Pr) 

since / vanishes at the zeroes of the numerator factors that are not canceled by denominator 
factors. Comparing with (|2.20p . we obtain 

, (a + d)! /\o/ , dl 

J = — T7 ~~JT7 --3-^ 7 I - 3~T?H a o) = R °o (ai , . . . , a n ) - 



a ! (ao + /3i)(a + P2) ■ ■ ■ (a + pV) ' ai!---a n ,!' 

It follows that 

, x (a + (3i) ■ ■ ■ (a + (3 r ) a \ 1 

P( a o — — j ; / , , -Tj-. r-Kao (ai,...,a n ) — — j -K aQ (ai,...,a n 

ai! • • • a n ! (d + 1) • • • (d + a ) ai! • • • a n \ 

for some rational function R ao (01, . . . , a n ) of ai, . . . , a n . 

Applying the Lagrange interpolation formula, we obtain that 

r+ko r+k ^ . r+k r+ko ■ 

p(a )=J2p(l) II ^=E^^ (ai '---' an) II 

i=0 i=0,i^l 1=0 i=0,i^l 

So by ([23T]) we get 

(a + l)(a + 2) • • • (a + d) 1 , '-i^ a - i 

(a + Pi)(a + P2) ■ ■ ■ (ao + Pr) ^ ai! ■ • ■ a n ! 



= i?(ao, • • • , a n 

where 



(a + ai H h a n )! 

a ! ai! ■ ■ ■ a n ! 



i?(a , . . . , a n ) = ——7 —-— 2, Ri(a±, . . . ,a n ) - 

is a rational function of ao, • • • ,a n . This completes the induction. □ 
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We note that the proof of Proposition 12.41 shows that the denominator of R(oq, . . . , a n ) is 

a product of linear polynomials of the form H \- ai m + j, where j is a positive integer. 

This is consistent with the explicit formulas of [19], [18], and [16| . 



3 The Morris constant term identity 

The proof of (11. 3j) is similar to that of (11. ip . so we omit some of the details. We denote by 
M' n {a, b, k) the left side of (fi~3j) . 

Lemma 3.1. For fixed a £ Z and b £ N, if M' n {a,b,k) = M n (a,b,k) for k > b, then 
M' n {a, b, k) = M n (a, b, k) for all k G N. 

Proof. For fixed a and 6, by taking the constant term in xo, we can write M^(a,b,k) as 
CT X LD n _i(xi, ... ,x n ;k,k, ... ,k), where D n -i and L are as in Section [2j By Proposi- 
tion ^^} M' n (a, b, k)/M^(0, 0, k) is a rational function of k. It is straightforward to check that 
M n (a, b, k) /M n (0, 0, k) is also rational in k. Note that M^(0, 0, k) = M n (0, 0, k) follows from 
the equal parameter case of the Dyson conjecture. Therefore, the hypothesis implies that 
M' n (a, b, k)/M^(0, 0, k) = M n {a, b, k)/M n (0, 0, k) for all k. The lemma then follows. □ 

Proof of Theorem By setting ao = a, aj = b for i = 1, . . . , n in Lemma |2.1[ we see that 
M^(a,b,k) is a polynomial in a of degree at most bn for fixed 6 and k in N. To see that 
M n (a, b, k) also has this property, we rewrite (|1.4|) as 

m r„ h M-TT (q + ^ + i)(fl + fc/ + 2).--(a + fc/ + b)(fc(/ + i))! 

M n (a,M) - 11 (6 + «)!fe! ■ ( j 



Moreover, it is easily seen that M n (a, b, k) vanishes if a equals one of the following values: 

(3.2) 



-1, -2, -6; 

-(fc + 1), ~(k + 2), —(k + b); 



-[(n-l)fc + l], -[(n-l)fc + 2], -[(n-1)*; + 6]. 

Note that these values are distinct if A; > b. 

The theorem will follow from properties of polynomials, as in the proof of Dyson's con- 
jecture, if we can show that for bn + 1 distinct values of a, M^(a, b, k) = M n (a, b, k). 

Lemma |3. II reduces the problem to showing that M' n (a, b, k) = M n (a, b, k) if k > b. First 
we show that the equality holds for a = 0: From (|1.2|) . we have 

CTH(x ,x u ...,x n ;0,b,k)= f 1 - — V (3.3) 

Thus by the equal parameter case of Dyson's conjecture, M^(0,6, /c) = (ra/c)!/(/c!) n , which is 
equal to M n (0, b, k). 

The remaining values are obtained from the following lemma, which completes the proof 
of Theorem [L2l □ 
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Lemma 3.2. For fixed nonnegative integers b and k > b, CT X H(xq, x±,..., x n ; a, b, k) van- 
ishes when a equals one of the values in (13. 2p . 



Proof. We prove the contrapositive: Suppose that h € [nk] but the constant term of 
H(x , Xl ,...,x n , -h, b, k) = (-l)K^ - n ^<f - 



nr=i^ (n " 1)fc+b nr=i(i-^)^ 



is not 0. We shall show that (t — l)k + 6 < h <tk for some t, i.e., —h is not in (|3.2j) . 

We apply Lemma 12.21 with mj = 2k, mi = (n — l)k + b, and vi = h — b. Then for some 
subset T C [n] we have 

^ 2fc < J> - 6) - |T| (3.4) 
and i<J ' 

J] 2k > ^ 2k + ^{{n - l)k + h) . ( 3 - 5 ) 

l<i<i<n «JST ig f 

i<j 

Let t = |T|. Then (|3.4p may be written as 

(i - l)tfc < -b)-t, 

and this implies that for t ^ 0, 

(t - l)ife + 6 < h. (3.6) 
But (13. 6D also holds for t = 0, since h > 1 > b — k. 
Similarly, (|3.5p gives 

(n - l)nk > t(t - l)k + (n - t)((n - l)k + h), 

which simplifies to t(n — t)k > (n — t)h, so for t ^ n, 

h < tk. (3.7) 

But (13. 7|) also holds for t = n, since h < nk. Thus by (|3.6p and (|3.7p . 

(t - l)fc + 6 < /i < tfc, 

which completes the proof. □ 

We note that it is possible to handle the case k < b directly without applying Proposi- 
tion [23] by using the following fact: zq is a root of a polynomial P(z) with multiplicity r if 

d 1 

and only if — —P(zo) = for i = 0, 1, . . . , r — 1. For instance, we can find roots of M' n (a, b, k) 
with multiplicity at least 2 by considering the constant term of 

„. . . . , x„ ; . a *> = e >» (i - 1) ft (i - 1 J (i - 1)' n (» - 1 J • 
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4 The Aomoto constant term identity 



In this section we will prove Aomoto's identity using our elementary approach. First we note 
that if m < or m > n, then (jl.5p reduces to the Morris identity, so we assume here that 
1 < m < n — 1. The proof is similar to that of the Morris identity but is more complicated. 
We provide only the details of the key points. 

In contrast with the Morris identity, it is not easy to show that (11. 5j) holds when a = 0. 
So instead of proving equality at a bn + 1st point, we show that both sides of (jl.5p have the 
same leading coefficients as polynomials in a. 

Proposition 4.1. 

1. Both sides of (jl.5p are polynomials in a of degree at most bn. 

2. The left side and the right side of f| 1 . 5 [) have the same leading coefficients in a. 

3. The right side of (|1.5p vanishes when a equals one of the values in the following table. 



-1, -2, -b; 

-0 + 1), —(k + 2), -(* + &); 

-[(n - m - l)k + 1), -[{n - m - l)k + 2], -[(n - m - l)k + b]; 

-[(n- m) k + 2], -[(n - m)k + 3], -[(n - m)fc + b + 1]; 

-[(n-l)fc + 2], -[(n-l)fc + 3], -[(n - l)fe + 6 + 1]. 

Proof of Proposition 14.11 (sketch) . As with the Morris identity, parts 1 and 3 are straightfor- 
ward. To show part 2, we rewrite the right side of (jl.5p as 



"-Ir-r 1 [a + kl + x{l > n - m) + 1] • ■ • [a + kl + x{l > n - m) + 6](fc(i + 1))! 
11 (b + kiy.kl ' 

whose leading coefficient is now clearly 

H (*(* + !))» (4 2) 

(6 + A;Z)!fc!" 1 ' ; 

On the other hand, a calculation similar to that in Lemma 12.11 shows that the leading 
coefficient of the left side of (|1.5p equals 

1 " / \ k 

^cT (I1+ ... +I „)-nv n , 

v ; 1=1 l<«^i<n V ■ 7/ 

which is equal to (|4.2p by Corollary 16.31 □ 

As in the proof of the Morris identity, we may assume k to be sufficiently large by 
Proposition 12.41 Then we can complete the proof of the Aomoto identity by the following 
lemma. 
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Lemma 4.2. For fixed nonnegative integers b, k > b, and m £ [n], if a equals one of the 
values in (|4.1[) . then CT X A m (xQ,xi, . . . , x n ; a, b, k) vanishes. 

Proof. We prove the contrapositive: Suppose that h £ [nk + 1] but the constant term of 



A m (xo, Xl ,...,x n ;-h,b,k) = (-l) k ( n 2) +nb - 



Yll<i<j<n( X i X j) 



2k 



nr=i 4 n ~ 1)k+b nr=i( i - x^- 6 -*^) 

is not equal to 0. We shall show that {t — \)k + b+l < h < tk for some t with 1 < t < n — m, 
or (t - l)k + 6 + 1 < h < tk + 1 for t = n - m, or (t - l)k + b + 2 < h < tk + 1 for some t 
with n — m < t < n. That is, — /i is not in (|4.1I) . 

We apply Lemma 12,21 with = 2/c, mi = {n — l)k + 6, and vi = h — b — x(i < w). Then 
for some subset T C [n] we have 

^2fc<^-6-x(*<m))-|T| (4.3) 
and * <J 

^ 2A; > ^ 2k + J2i( n - l)k + h-x{i < m)). (4.4) 

l<i<j<n M'ST j g y 

i<j 

Let i = |T|. Then (|4.3p may be written as 

(i - l)ifc < - b) - t - ^ x{i < ™>), 

and this implies that for t ^ 0, 

(t - l)fe + 6 + 2 - x(T n =0)<h. (4.5) 

But (gJ3) also holds for t = 0, since h>l>b-k + l. 
Similarly, (|4.4p gives 

(n - l)nk > t{t - l)k + (n - t)((n - l)k + h) - ^ x(« < m )- 

Taking all terms in the k to the left gives 

t{n — t)k > (n — i)/i — x(i < m,), 

so for t ^ n, 

h<tk + x(T C [m]). (4.6) 
But (14.61) also holds for t = n, since h < nk + 1. Thus by (|4.5p and (|4.6j) . 

(t - l)fc + b + 2 - x(T n [rn] = 0) < h < tk + x(r ^ [m]). 

Now according to the three cases t < n — m, t = n — m, and t > n — m, the minimum values 
of -x(Tfl [to] = 0) are —1, —1, and 0, respectively, and the maximum values of x(T C [m]) 
are 0, 1, and 1, respectively. This completes the proof. □ 
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5 On the Forrester conjecture 



We can apply our method to Forrester's constant term to obtain some partial results. It is 
routine to obtain the following. 

Proposition 5.1. 

1. Both sides of (|1.6j) are polynomials in a of degree at most bn. 

2. If a = 0, then the left side of (|1 .6j) is equal to the right side of (|1 .6[) . 

3. The right side of (II. 6ft vanishes when a equals one of the values in the following table. 



-1, 
-(fc + l), 

-[(no-l)fc + l], 



-2, 
-(k + 2), 

-[(no-l)fc + 2], 



-(n k + 1), 
■[(no + l)fc + 2], 



-(nofc + 2), 
-[(n + l)k + 3], 



-b; 

-(k + b); 
■[(no-l)fc + 6]; 



-(n k + b); 
•[(no + l)fc + 6 + l]; 



(5.1) 



-[(n- l)fc + ni], -[(n-l)fc + m + l], -[(n - l)fc + m + 6 - 1]. 

Note that the values in (|5.1|) are distinct if > b. 

Therefore, by applying Proposition 12.41 Forrester's conjecture would be established if we 
could show that for sufficiently large k, the left side of (jl.6p vanishes when a equals any value 
in (|5.1|) . However, we are only able to show that it vanishes for some of these values. Denote 
by F no (x; a, b, k) the left side of (jl.6p . We obtain the following. 

Lemma 5.2. Assume k is sufficiently large. For t with < t < n — 1, let M := min{ni,t}. 
If a = —h with h satisfying the conditions 



tk + Ci + 1 < h < tk + 6, if0<t<n , 

tk + C 2 + I < h < tk + b + C 3 , ifn + l<t<n-l, 



where 



Co 







4(n-t) 


; 


M(m-M) 






M(m-A/) 


n-t 




n\ 




4(n-t) 


5 



t - n , 



if^<M, 

if^>M, 

if^>M, 

ift-n <^ < M, 
if nx <t-n , 



(t-n + l)(t - np) 
t + 1 



(5.2) 
(5.3) 



t/jen -F no (x; a, 6, fc) vanishes. 
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Proof. We prove the contrapositive: Suppose that h £ [nk + n\] but the constant term of 

F ( x .-hbk)~± Ul<Kj<n^ Xj) [ 

r noK x, n,o,K) ^ (n _ 1)fc+b+(ni _ 1)x(I>no) _ Xl )h-b' 

where x^j = x(i > n o)x(j > n o)) is n °t equal to 0. We shall obtain conditions on h from 
which the lemma follows. 

We apply Lemma 1231 with Uij = 2(k + X^°), rrn = {n — l)k + b + (n\ — l)x(i > no), and 
Vi = h — b. Then for some subset T C [n] we have 

J2(2k + 2x2°)<Y,(h-b)-\T\ (5.4) 

and * <jf 

^ (2fc + 2x™)> ^(2A: + 24«) + ^((n-l)A; + / i + (n 1 -lMi>no)). (5.5) 

Let t = \T\ and assume that in T there are to elements less than or equal to no and t\ elements 
greater than no- Then (|5.4p may be written as 

(t - l)tk + hih - 1) < -b)-t, 

where max{0, t — no} < t\ < min{ni, t} by its definition, and the above equation implies that 
for T ^ 0, 

{t-l)k + b+l + tl( " h ~^ <h. (5.6) 

But (|5.6p also holds for T = if t\(t\ — l)/t is taken as —1 when t = (hence ti = 0), since 
h > 1 > b- k. 



Similarly, (|5.5p gives 

(n - l)n/c + (ni - l)n x > t(t - l)k + ^(^ - 1) + (n - i)((n - l)k + h) + (n x - l)(ni - t x ). 
Taking all terms in the k to the left gives 

t(n — t)k > (n — t)h — ii( n i — t\), 

so for J 1 / [n], 

h<tk+ tl{ni - tl \ (5.7) 
n — t 

But (|5.7p also holds for T = [n] if t\(n\ — t\)/{n — t) is taken as rt\ when t = n (hence 
ti = n\), since h < nk + n\. 

Thus by ^M) and (ET7j) . 



/i £ /(Ml) := 



(t-l)fc + 6+l + ^^,^+ tl(ni - tl) 



n — t 

It follows that i ? ri0 (x; —h, b, k) vanishes if 

h € [nk + ni] \ |J /(Mi), 



t!<t 
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where t ranges from to n and t\ ranges from max{0, t — no} to min{ni, t}. 
The above condition can be simplified further: For < t < n — lif 



tk + 



n 



t + 1 



(5.8) 



holds for every r\ with max{0, t — no} < r\ < min{ni, t} and ri with max{0, t — hq + 1} < r<i < 
min{m, t + 1}, then F no (x; —h, b, k) vanishes. This is because when k is sufficiently large, the 
left and right endpoints of I(t,r\) are always to the left of the corresponding endpoints of 
+ r^t) for any n and r 2 in their range. Therefore, after removing the intervals \J I(t, n) 
and \J r2 1(t + 1, T2), each remaining value of h belongs to an open interval (possibly empty), 
from the right endpoint of I(t, n) to the left endpoint of I(t + 1, r-z) for some n and r 2 . 

By analyzing the extreme values of (j5.8f) among the range of r\ and r 2 , it is straightforward 
to obtain (iOD and (1531). □ 



Remark 5.3. The first two lines of f)5. 1|) are always implied by Lemma \5.2\ to be roots for 
no>l. This follows easily by checking the cases t = and t = 1. 

Corollary 5.4. Conjecture\1.4\ holds in the extreme cases n\ = 2 and n\ = n — 1. 



Proof. We verify this directly by Lemma 15.21 

If rii = 2, then no = n — 2. The first two lines of (|5.1|) are roots by Remark 15.31 If 
2<t<no = n — 2, then M = min{2, t} = 2, and Ci = 0. Thus we obtain the range 
tk + 1 < h < tk + b, which is consistent with the (t + l)st line of (|5.1|) . If t = n — 1, then 
M = 2, and C 2 = C 3 = 1. Thus we obtain the range (n - 1)A; + 2 < /i < (n - l)k + 6 + 1, 
which is consistent with the nth line of (|5.1|) . Therefore, Lemma 15.21 implies that all values 
of a in (|5.ip are roots, and Forrester's conjecture holds in this case. 

If m = n — 1, then no = 1. The cases t < no = 1 of (|5.ip are dealt with in Remark 15.31 
If 2 < t < n - 1, then M = t, C 3 = \ t -^-] = f!*±lK*^=£*=ll] = t - 1, and all three cases 
of C2 are equal to t — 1. Thus we obtain the range tk + t < /i < t/c + 6 + t — 1, which is 
consistent with that of (|5.ip . As in the case ni = 2, Forrester's conjecture holds. □ 

Proposition 5.5. Forrester's conjecture holds when n < 5. 

Proof. The cases n < 4 are consequences of Corollary 15.41 the case n = 5 can be verified by 
Lemma 15.21 □ 

Further routine calculations by Lemma 15.21 gives us the following table: 



n\ = 2 3 4 5 • • • n — 3 n — 2 n — 1 

M r = 1 4 8 ••• 2n! + 2[^J-5 m + L^J - 6 



(5.9) 

where M r is an upper bound for the number of missing roots in (|5.ip . i.e., roots that are not 
implied by Lemma 15.21 For brevity, we verify in detail only the case n\ = 3; the other cases 
are similar. 

For m = 3, we have no = n — 3. The cases t = 0, 1 are guaranteed by Remark 15.31 so 
henceforth we will always assume t > 2 and (by Proposition 15. 5p n > 6. If t = 2, then M = 2 



and = 3/2 < M. Therefore d 



3 2 
4(n-2) 



0, for n > 5. If 3 < t < n - 3, then M = 3, 
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jj = 0. If t = n — 2, then M = 3 and f — no = 1. It follows that 



t - n < ^ < M , C 2 = 

^ < * - n , C 2 = t - n = 2, and C 3 = 1. 

In conclusion, in the case n\ = 3, only one root — [(n — l)k + 6 + 2] is not implied by 
Lemma 15.21 

Corollary 5.6. Conjecture ]!. 4\ holds in the case n\ = 3. 

Proof. As we have just seen, for m = 3 we are missing only one root. But by [3], we know 
that the (/-generalization of (II. 6|) holds when a = k. Thus if we let q — > 1 in this result, we 
get a = k as our (6n + l)st point. □ 

We conclude this paper by the following observation. Let us take the Forrester constant 
term as an example. In the proof of Lemma \2.2\ we made the expansion 

II (y*-yj) 2k II (w-vi) 2 = £ c r»? l ---%* 

l<j<j'<n no+l<i<j<n 7 

where yi = 1 — Xi, and try to show that the constant term associated with yj 1 ■ ■ ■ yZ n is 
equal to for each 7. However, it would be sufficient to show that for each 7, either the 
associated constant term is or c 7 = (after cancellation). We conjecture that in our 
approach to Forrester's conjecture, c 7 = when Lemma [2. 21 does not apply. We have checked 
our conjecture for n < 6 and k < 3. 
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6 Appendix: Consequences of the polynomial approach 

From Lemma 12. II and its proof, we can deduce the following result. 

Corollary 6.1. Let d and Q be as in Lemma \2.1\ with ko = 0. Then the leading coefficient 
of Q(ao, . . . , a n ) in ao is 

1 n 

- CT(xi + ■ ■ ■ + x n ) d Hx~ ai L( Xl , ...,x n ), (6.1) 
x 1=1 

and the second leading coefficient of Q(ao, . . . , a n ) in ao is 

(n n , 1 n 2 n 1 o\ n 
E(^(E-r - ^(Ef n-^c 4 (a.) 
1=1 v ; i=l 1=1 K ' i=l / 1=1 



and C\ 







i(n-t) 





4(n-i) 



1, c 3 = 1. If t 



n 



1, then M = 3. This implies that 
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Proof. Taking the leading coefficient of (|2.2p in ao gives 
1 n 

ll,—,l n 1=1 

1 CT £ d.X X X jj 

d! x ziU 2 ! - LJ - 

1 " 

=- CT(xi + • • • + x n ) d JJx,- ai L(x!, ...,x n ). 

!=1 

Taking the second leading coefficient of (|2 . 2f) gives 

H,...,i n 1=1 (=1 

which can be rewritten as (16.21). □ 



Applying Corollary 16.11 to the Dyson conjecture gives the following identity, which ap- 
peared in [2H Corollary 5.4]. 



Corollary 6.2. 

CT(x 1 + --- + x n ) ai+ - 



( = 1 1<«7^J<™ 



We omit the formula for the second leading coefficient, which is more complicated. 

Applying Corollary 16.11 to Morris's identity gives the following result, which is needed for 
the proof of Aomoto's identity. We remark that (|6.4p was also obtained in [111 Proposition 2.2] 
through a complicated calculation. 

Corollary 6.3. 

cT(, 1+ ... + ,„r'riv n (i-^-wn 1 ^. («) 

1=1 Kijij<n v J 7 1=0 v 7 



The proofs of (|6.3p . (|6.4p and (|6.5p are straightforward. 
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